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DEPARTMENT OF MATHEMATICS
AHMADU BELLO UNIVERSITY, ZARIA

MATH305: THEORY OF RINGS AND FIELDS 2023/2024 EXAMINATION

ATTEMPT ANY FOUR QUESTIONS TIME: 2 HOURS

3

a) Distinguish between an integral domain and a division ring.

b) Prove that a commutative ring R with unity whose only ideals are {0} and R itself is
necessarily a field.

a) When is a ring said to be: (i) Euclidean (it) Principal ideal domain.

b) Show that in a Euclidean ring R, the greatest common divisor of any two elements a, b
exists and is of the form Aa + ub, with 1 € R.

. a) Define and exemplify the concept of maximal ideal in a ring.

b) Prove that if R is a conunutative ring with unity, then an ideal M of R is maximal if and
only if R/p/ is a field.

. a) Define an ideal of a ring and prove that the kernel of a ring homomorphism 6: R — R’

is an ideal of R.

b) Define a principal ideal domain and show that every Euclidean ring is a principal ideal
domain.

a) Let R be the ring of real valued continuous functions on the closed unit interval [0,1].
Prove that the subset M = {f(x) ER : f(2/3) = 0} is a maximal ideal of R.

b) If f (x),.g(x) are non-zero polynomials in F[x], prove that deg(f (x)g(x)) =
deg j(x) + dag g(x).

a) If f(x), g(x) € F[x] with g(x) # 0, prove that there exist r(x), t(x) € F[x] such that
f(x) = g(x)t(x) + r(x), where r(x) = 0 or degr(x) < deg g(x).

b) Show that a primitive polynomial is irreducible over the integers if and only if it is
irreducible over the rationals.
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